Abstract. Let G be a 3-partite graph with 3n vertices, n in each class, such that each vertex is connected to at least 2 3 n + 2 √ n of the vertices in each of the other two classes. We prove that G contains n independent triangles.
Introduction and Notation
Let G be a graph with vertices {v 1 , . . . , v p }. We say that a graph H is a blown up G with edge density δ ′ if the vertices of H can be partitioned into independent sets V 1 , . . . , V p such that if v i v j is an edge of G, then the bipartite graph induced by V i and V j in H has minimum degree δ ′ . The sets V 1 , . . . , V p will be called the vertex parts of H. If |V 1 | = . . . = |V p | then H is said to be a balanced blown up G. In this case we say that H has a G-factor if H contains n = |V (H)| p mutually independent copies of G, where each copy has exactly one vertex in each vertex part V 1 , . . . , V p of H. If not stated otherwise, n will denote the order (n = |V (H)| p ) of the vertex parts of H. Suppose H is a balanced blown up triangle with vertex parts V 0 , V 1 and V 2 , and C is a cycle in H where V (C) = {c 0 , . . . , c 3l−1 }, and c i is adjacent to c i+1 . If C has the property that if c k ∈ V i and c k+1 ∈ V i+1 , then c k+2 ∈ V i+2 (Here we count the indices of V i modulo 3 and the indices of c i modulo 3l), then we say that C a spiraling cycle of H. We define analogously a spiraling path of H. For other notation see [1] . A well known theorem of K. Corrádi and A. Hajnal [2] implies that a graph H with 3k vertices and minimum degree δ(H) ≥ 2k contains a spanning graph consisting of mutually independent cycles of lengths 3. Theorem 1.1 (Corrádi & Hajnal) . If H is a graph with at least 3k vertices and minimum degree at least 2k then H contains k independent cycles.
This result has been generalised in several directions. E. Szemerédi and A. Hajnal [4] . Theorem 1.1 is also a special case of a famous conjecture of M. H. El-Zahár [3] . Conjecture 1.2 (El-Zahar). If G is a graph with n = n 1 +· · ·+n k vertices and δ(G) ≥ 1 2 n 1 +· · ·+ 1 2 n k then G has a spanning subgraph consisting of mutually independent cycles of lengths n 1 , . . . , n k .
In this paper we will prove a variant of theorem 1.1, we will assume that H is a balanced blown up triangle with edge density δ ′ (H). It turns out that we need slightly more than δ ′ (H) ≥ 2 3 n to get a triangle factor in this case. This comes close to prove a special case of a conjecture of R. Häggkvist [5] .
Conjecture 1.3 (Häggkvist)
. If G is a balanced blown up C p with edge density p+1 2p n + 1 then H has a C p -factor.
Hence our main result is best possible up to the coefficient 2 3 of n. A discussion about counter examples matching conjecture 1.3 will be given in the remark later in this paper. Note that the minimum degree condition in conjecture 1.3 is of the same size as in conjecture 1.2, but of course restricted to the vertex parts of G.
Main Result
To prove that G contains a triangle-factor we will show that a maximal counter example can not exist. By maximal we mean a graph with the property that it is not a proper subgraph of any other counter example.
The following lemma will be useful to achieve this. Proof. Suppose H is a counter example to this claim, and let V 0 , V 1 and V 2 be the three vertex parts of H. Let x be a vertex in V 0 , and put
where j < k we have a spiraling cycle spanned by the vertices {w 1 , w 2 , . . . , w k−j } where
This contradiction proves the lemma.
Theorem 2.2. Let G be a balanced blown up triangle with edge density
Proof. Let V 0 , V 1 and V 2 denote the vertex parts of G. Suppose G is a maximal counter example. We will show that this leads to a contradiction. The graph K n,n,n is clearly not a counter example to the theorem, so we can assume that n > 36 and furthermore that there exists an edge e = xy such that xy ∈ E(G), x ∈ V 0 , y ∈ V 1 and G + e ⊇ nK 3 . Then G contains n − 1 vertex disjoint triangles, say T i for i = 1, . . . , n − 1. Let x j ∈ V j , j = 0, 1, 2 be the three vertices not in any of these triangles, and put
Note that H is a blown up triangle. Now we prove that
Deleting the edges of those triangles T i which are in H, we get by lemma 2.1 that H contains a spiraling cycle C with at most one vertex in each T i . Furthermore by lemma 2.1 if V (C) = {c 0 , . . . , c 3l−1 } and c i is adjacent to c i+1 then
Note that F contains n − l − 1 vertex disjoint triangles forming a factor of F . Then we have
Since by equation 2.5 14l 2 + 2l + 1 ≤ 12l √ n if n > 36. Therefore some triangle T = T i in F must fulfil E(C, T ) ≥ 4l + 1. Then since
there must be three consecutive vertices of C having at least 5 neighbours together in T . Note that a vertex in C has at most 2 neighbours in T . Now if c j , c j+1 , c j+2 are tree consecutive vertices of C such that d(c j , T ) = d(c j+2 , T ) = 2 and d(c j+1 , T ) = 1 then either c j or c j+2 has a common neighbour t 1 ∈ {t 1 , t 2 , t 3 } = V (T ) with c j+1 . By symmetry we assume c j t 1 , c j+1 t 1 ∈ E(G) and that c j ∈ V 1 and c j+1 ∈ V 2 . Then t 1 and c j+2 must be in the same class V 3 so c j+2 t 2 , c j+2 t 3 ∈ E(G).
i=0 T (c j+i ) has a triangle factor. This factor together with the triangles spanned by
, {c j , t 1 , c j+1 } and {c j+2 , t 2 , t 3 } forms a triangle factor of G. This contradiction proves that we must have two consecutive vertices c k and c k+1 on C each having two neighbours in T . By symmetry we can assume that c k ∈ V 2 and c k+1 ∈ V 3 . Then since
there must be three consecutive vertices v − , v, v + having at least 5 neighbours together in T and v ∈ V 1 . By the above argument we must have d(v, T ) = 2. Note that c k and c k+1 must have a common neighbour t 1 ∈ T and v is adjacent to t 2 and t 3 . Then the triangle factor of G \ {x 1 
, {c k , c k+1 , t 1 } and {v, t 2 , t 3 } forms a triangle factor of G. This contradiction proves the theorem.
It is not hard to see that the same edge density will imply a C p -factor in a balanced blown up C p . Note that in conjecture 1.3 the edge density is a lot smaller for p ≥ 4. 2q n − 1 since n = 2|V i | = 2m. But every cycle of length q in a C q -factor of H would use one vertex of B i for some i. Hence H has at most 2q m q − 1 < n of those cycles, contradicting that it has a C q -factor. We must have strictly more than p+1 2p n as edge density as shown by the following examples. Let H be the graph with vertex set . Now H is a balanced blown up C p with edge density 2 = 2 3 n ≥ p+1 2p n. A C p -factor of H will determine a matching M k in each B k . Each matching will act as a permutation P k on the subscripts of the vertices in V k and V k+1 . It is easy to see that those permutations always will be odd, hence when composing any combination of p permutations we will get an odd permutation. This contradicts the fact that a C p -factor would give the identity when we compose its permutations, hence H can not have a C p -factor. If p where even it is easy to see that we would get a counter example if we changed B 1 to the cycle v 1 1 , v 2 2 , v 1 2 , v 2 3 , v 1 3 , v 2 1 , since this graph would give even permutations only.
